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THE CENTRAL LIMIT THEOREM
FOR EMPIRICAL PROCESSES UNDER LOCAL CONDITIONS:
THE CASE OF RADON INFINITELY DIVISIBLE LIMITS
WITHOUT GAUSSIAN COMPONENT

NIELS T. ANDERSEN, EVARIST GINE AND JOEL ZINN

ABSTRACT. Weak convergence results are obtained for empirical processes
indexed by classes # of functions in the case of infinitely divisible purely
Poisson (in particular, stable) Radon limits, under conditions on the local
modulus of the processes {f(X): f € F} (“bracketing” conditions). They
extend (and slightly improve upon) a central limit theorem of Marcus and
Pisier (1984) for Lipschitzian processes. The law of the iterated logarithm
is also considered. The examples include Marcinkiewicz type laws of large
numbers for weighted empirical processes and for the dual-bounded-Lipschitz
distance between a probability in R and its associated empirical measures.

1. Introduction. Although there has been considerable activity regarding the
CLT with Gaussian limits and n!/2 normings for empirical processes indexed by
classes of functions %, the case of other stable limits and normings has not been
considered, at least for large classes of functions .#. The object of this paper is
to show that methods similar to those in Andersen et al. (1988) are appropriate to
derive the CLT with n'/? (or slightly more general) normings and p-stable Radon
limits (or even, in the non-i.i.d. case, infinitely divisible Radon limits), under tail
probability conditions for the local modulus of §x on (&, p), for appropriate dis-
tances p, that is, under bracketing. It is not surprising that such results can be
obtained if one sees the bracketing CLT as an extension and improvement of the
CLT for Lipschitz continuous processes (i.e., the Jain-Marcus CLT). Our previous
results on bracketing may thus be viewed as the analogues of the Jain-Marcus (1974)
CLT and the Ledoux (1981) LIL for processes with Lipschitz sample paths. Mar-
cus and Pisier (1984) obtained CLT’s with n!/? norming and stable limits for such
processes, and Ledoux (private communication) obtained recently another LIL; the
results in this paper extend and slightly improve them. . Actually, our framework
for the CLT is more general and includes the non-i.i.d. case with convergence to
other (necessarily infinitely divisible) Radon limits, as well as other normings in
the stable case.
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In §2 we give the asymptotic equicontinuity condition required to prove conver-
gence of empirical processes to limits that are infinitely divisible measures without
Gaussian component and that are Radon in [*®°(%). As it was to be expected, one
needs the following two conditions for the CLT to hold: eventual tightness of the
sums of the row laws outside neighborhoods of zero and convergence in probability
to zero of the sums of the truncated variables, uniformly in n, as the truncation
levels tend to zero (recall, in connection with this, Theorem 2.10 in Mandrekar and
Zinn (1980)). Here, Hoffmann-Jgrgensen’s (1984) theory of weak convergence of
sums of random elements taking values in nonseparable space is quite useful.

§3 contains a generalization of an inequality for sums of positive random variables
that allowed replacing entropy by majorizing measure conditions in Andersen et al.
(1988), and is used here for the same purpose.

In §4 we prove the main theorem, which is a CLT for the randomized empirical
processes {)_7_, €nj f(Xn;)/bn: f € F} where Xp;, j = 1,...,n, are independent
(S, )-valued random variables and .# is a class of measurable functions on S.
The method of proof is similar to that of Theorem 3.1 in Andersen et al. (1988). Of
course the majorizing measure and the local modulus conditions are quite different
in the present situation.

In §5 we specialize the result from §4 to i.i.d. X; and p-stable limits, p € [1,2),
with randomization replaced by centering at expectations for p > 1. The norming
constants B(n) are a subset of all the possible ones in R. Our methods do not
seem to allow for all the normings B(n) = n'/?L(n), L slowly varying, and the
subset we can handle is related to the regularly varying functions used in Marcus
(1987) for the study of infinitely divisible sample continuous processes whose Lévy
measures split. For reasons of expediency, in the case p = 1 only the norming n and
the randomized sums ) ., & f(X;) are considered. We also obtain results about
stochastic boundedness and convergence to zero (in pr* and a.s.) of the normalized
sums (n/B(n))(P, — P)(f). In addition this section contains two instances of
application of the general results, one to a slight extension and improvement of the
CLT of Marcus and Pisier (1984) for Lipschitzian processes, and one to the CLT in
¢o showing that these results are sharp.

In §6 we apply a recent result of Ledoux and Talagrand that essentially reduces
the law of the iterated logarithm in separable Banach spaces to a law of large
numbers, to obtain a LIL under bracketing that complements the one obtained in
Andersen et al. (1988) and Ledoux and Talagrand (1986). So, the unifying theme
in this article is the use of majorizing measures combined with local conditions to
prove convergence in probability to zero of randomized and suitably normalized
empirical processes.

Finally, §7 contains Marcinkiewicz type laws of large numbers for weighted em-
pirical processes and for the dual bounded Lipschitz norm between probability
measures and their associated empiricals in the real line. Although our general
theorems apply in these cases, they do not give the best results, which we obtain
by other methods.

Notation and definitions are as in Andersen et al. (1988). When we refer to
triangular arrays X,; of S-valued independent random variables and to independent
Rademacher arrays {€,;}, we mean that these variables are defined on a product
probability space, the Xp,;’s being coordinate functions and the {€y;} being defined
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in another factor of the product, that is,
(Q, 2, Pr) = (Hn,jS, Hn,jy, Hannj) X ([0, 1],..@, /\),

the X,; are the coordinate functions II, ;S — S and the {e,;} are independent
Bernoulli symmetric random variables defined on [0, 1].

In a few instances we use the symbols =, <,~ to denote inequalities that hold
up to constant multipliers ¢ € (10~¢,108).

We recall the following two exponential inequalities, to be used in what follows:
(a) Bernstein’s inequality (e.g., Bennett (1962)): if &; are independent centered real
random variables with ess sup |€;| < ¢ < 00, © < n, then

= z 2tc
11 P >ty <exp—t?/|2) E€+=—=];, t>0.
(1.1) {mzl &i } Y { / ( ; & 3

(b) Upper bound for binomial probabilities (Giné and Zinn (1984)): if A, are
independent events with p; = PA;, then

!
n e r}_ )
(1.2) P{ZIAjZI}S(Ajl——Iﬁ), 1<l<m, neN.
1=1

2. The CLT with non-Gaussian limits in [®°(% ). In this section we show
how the CLT in the non-Gaussian case reduces to conditions on the individual
summands together with probability inequalities. Stochastic boundedness is also
considered.

Let & be an index set and let {°°(% ) be the Banach space of bounded real
functions on . with the sup norm || - ||#. A random element X in I®(¥) is a
mapping X: (2, X, Pr) — [%°(F) such that limp—0o Pr*{||X|l& > M} = 0. The
following definition is taken from Hoffmann-Jgrgensen (1984).

2.1. DEFINITION. (1) {X,}2, is an eventually tight sequence if for every
€ > 0 there is a compact set K € [°°(¥) such that

limsupPr*{X, e G°} <e

n—oo

for all open sets G D K. Since [°°(& ) is a Banach space K and G may be taken
to be convex and symmetric in this definition.

(2) {Xn}2, converges in law to a Radon limit if there exists a Radon probability
measure v on [*°(F) such that for all H:[*°(%¥ ) — R bounded and continuous,

lim E*H(X,) = / Hdn.
n—oo
(3) {Xn}52, is stochastically bounded if
lim limsup Pr*{||Xy,||s > M} =0.
M—o0 n
Given a random element X in [*° (%) define a set function .2°*(X) on the subsets
of 1%°(F) by
(2.1) ZL*(X)(A) =Pr*{X € A}, A€l®(F),
and for any B C I®°(¥),
(2.2) ZL*(X)|s(A) =Pr*{X € AN B}, ACI®(F).
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2.1’. DEFINITION. Given {Xp;: j < n, n € N}, we say that the sequence of
set functions {}_; L*(Xnj)jizll» >6) 152 is eventually tight if both

sup Y Pr*{||Xn;lls > 8} < oo,
-

and for every € > 0 there exists K compact (convex, symmetric) such that for all
open (convex, symmetric) sets G D K,

lim supZPr*{an € G, || Xnjllg >0} <e.

n—oo -
J

The following statement is Mandrekar and Zinn’s (1980, Theorem 2.10) restated
in the nonseparable, nonmeasurable case. The proof is somewhat different.

2.2. PROPOSITION. Let {Xp;:j =1,...,n; n € N} be a triangular array of
1°°(&)-valued random elements. Assume:
(i) The sequence of set functions

oo

(2.3) YL Xnj)lialls >6]
7j=1

n=1
18 eventually tight for every 6 > 0, and
(ii) for alle > 0,

n
im lim sup Pr* E an1[||xnj”_7sgl >ep=0.

(24) g—'o n—oo .
1=1 F

Then the sequence of random elements {2;;1 Xn; 192, s eventually tight.

PROOF. We first show that for all § > 0 {7 Xn;I[x,, |1, >6 )52 is an
eventually tight sequence. For this we follow the proof of Lemma 2.4 in de Acosta,
Araujo and Giné (1978). We let szj = Xnjl[|Xn,ll5>6]- For G convex, symmetric,

open, g; denotes its Minkowski functional. Let K be a compact, convex symmetric
set such that

(2.5) lirrlrlsolipZPr‘{qé(Xij) >1}<¢g/2
Jj=1
forall G D K open, convex, symmetric. Let m be such that
n
(2.6) Y Prr{|[Xnll5 > 6} < em/2.
j=1

m and K exist by hypothesis. Define K = m[{ and G = mG; then, as G runs over
all convex symmetric open neighborhoods of K, G runs over all such neighborhoods
of K. Since

n n n
96 (Z an‘) <2 06(X05) < | 2o Tixaslis>) | maxac(Xa,),
j=1 =

n=1 1=1
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we have

n n
Pr {qc (ZXZJ) > 1} <SmTET Y I, lig>6)
Jj=1

=1

n n
+Pr* {QG (Z Xﬁj) > 1, X, lly>6) m}
J=1

=1

n
<m= S P (Xl > 6} + Prt {‘}lfz‘qc(xf'f) g l/m}

=1

n n
<m T Y Pr{[Xnjlls > 63 + 3 Pri{gs(X5,) > 1),
1=1

J=1

Hence by (2.5) and (2.6), limsup,,_, o, Pr‘{qc;(z;‘=1 Xf‘j) > 1} < e. This proves
that {3°7_, X5,}52, is eventually tight.

Now we apply this fact together with hypothesis (2.4) to prove the proposition.
We use Example 7.28 in Hoffmann-Jgrgensen (1984) (see also Andersen and Dobrié
(1987, Theorem 2.12)). Set Xp;1[x,, |, <6] = Xnjs- Given a pseudo-metric p on
F, let wy(z,€) = sup,(s.g<e [2(f) — z(9)], z € I®°(F), € > 0, be its oscillation
function. We have, for 6 > 0, ¢ > 0,

n
>e/4y +Pr*Qw, Xf,j,s) > 6‘/2} .
7 j=1

Given € > 0, choose § > 0 such that

n
lim sup Pr* { Z Xnjs
n .
Jj=1

which is possible by (2.4). Also, by Example 7.28 in Hoffmann-Jgrgensen (1984) and
eventual tightness of (Z;;l Xﬁj o°_, there exists a totally bounded pseudo-metric
p on ¥ such that

> 5/4} <e/2,
F

n

n
lim sup Pr* {w,, (Z Xflj,e) > 5/2} <eg/2.
s=1

For such p we thus have

n

n
(2.7) limsup Pr* { w, anj,e >ep <e
=1
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A standard argument using the same facts about X,,s and Xf”- shows that
{371 Xns}92, is stochastically bounded; that is,

n
Jim _lim sup Pr* le,,,» >M}3 =0.
]:

—0 n—oo
F

But this and (2.7) imply eventual tightness of this sequence, again by Example 7.28
in Hoffmann-Jgrgensen, loc. cit. O

We say that the finite dimensional distributions (f.d.d.) of {X,}32; converge,
if for each k € R and f1,..., fx € &, the sequence (X,(f1),-..,Xn(fr)) € RF
converges in law. The previous proposition together with Theorem 7.11 (3°) of
Hoffmann-Jgrgensen (1984) (applied with

P = {exp (z Z akfk) o €R, fi 65'7} C C(I™®(%)),

finite
where Y ax fi(z) := Y arz(fx) for z € [®°(F)) gives

2.3. COROLLARY. If conditions (i) and (ii) of Proposition 2.2 hold, and if
moreover the f.d.d. of {Z;;l Xn; 12, converge (in law) then this sequence con-
verges in law to a Radon limit in [°°(F).

2.4. REMARK. A proof similar (but easier) to that of Proposition 2.2 shows the
following: Let {X,;: 7 =1,...,n; n € N} be a triangular array of {°°(¥)-valued
random elements. Assume

n
(i) pfimlimsup 32 P (X s > M) =0
1=

with sup,, 3, Pr{||Xn,ll¢ > M} < oo for all M > &y, for some & > 0, and

n
(if) Jim limsupPrt > X Iy, i,<a1 > M =0
=1 &
for some § > &. Then the sequence {E;; 1 Xnj 1oL, is stochastically bounded.
For applications to empirical processes, the index set # is a subset of £ (S,. %)
with envelope F(s) := supscg |f(s)| finite for all s € S, and Xp; = 6x,,,/bn or
Xnj = €njbx,,/bn, where {X,;} is a triangular array of (S,.%#)-valued random
variables, the b,’s are positive real constants, and {e,;} is a Rademacher array
independent of {X,;} (see the last paragraph of §1 for the precise set-up). More-
over the X,;’s are row-wise independent (i.e., for each n, the random variables
Xni,-..,Xnn are independent; in fact, they are coordinates of a large product
probability space). Actually our main interest is in the case X,; = éx, /bn with X;
i.i.d. and b, T 00, that is, the p-stable limit case, in fact only for p € [1,2): the case
p = 2 is considered in Andersen et al. (1988) and the case p < 1 is trivial in the
sense that condition (ii) of Proposition 2.2 becomes superfluous (as b, /n — o0) and
condition (i) is also necessary for the CLT, at least in the measurable case. Another
reason for not considering the case p < 1 is that it has no relevance regarding the
law of large numbers.



THE CENTRAL LIMIT THEOREM FOR EMPIRICAL PROCESSES 609

In the p-stable case with p # 1 we are interested in the convergence in law of
{Z;; {(f(X5) = Pf)/br: f € F}32,. The following is a convenient complement
to Proposition 2.2 in this case.

2.5. PROPOSITION. Let {X;}2; be i.i.d. (S,5)-valued random variables with
law P and let {€;}2, be a Rademacher sequence independent of {X;}2,. Let
F C ZA(S,, P) have everywhere finite envelope F. Assume there exist b, 1 oo
such that:

(i) the f.d.d. of the sequence of random elements of [°°(F)

(2.8) {Z(f(Xj) ~Pf)/bn: f € 9}

J=1 n=1

converge in law to p-stable probability measures in Euclidean space, for a fized
pe(1,2).
(i) The sequence of set functions of I°(F ),

(2.9) {nZ" (8, /bn)jicls >8) Inet

1s eventually tight for all 6 > 0.
(iii) For alle > 0,

> € fTip<on,) (X;)/bn

s=1

(2.10) lim lim sup Pr* {
6§—0 n

>e}=0.
F

Then the sequence (2.8) converges in law to a p-stable Radon probability measure

in 19°(F).

2.6. NOTATION. If the conclusion of Proposition 2.5 holds for ¥, P, and
{bn},we write & € CLT(P;by,).

PROOF OF PROPOSITION 2.5 (SKETCH). Convergence of the f.d.d. of
{3°5=1(f(X;) = P)/bs} implies the same for {3°7_; &;f(X;)/bn}. Condition (ii)
also holds for e6x,. So, Corollary 2.3 gives convergence in law to a Radon measure
of the randomized sequence {}=7_, €, f(X;)/bn: f € Z}. The limit is p-stable and,
in analogy to the Gaussian case, p-stable Radon measures satisfy 7. (Cy (¥ ,p)) =1
where p(f,9) = A oo (|f —9]) = [ |f —g|ldv, and (F, p) is totally bounded (see An-
dersen and Dobri¢ (1987) for the first statement and Marcus and Pisier (1985) for
the second). So, the randomized sequence is eventually uniformly p-equicontinuous
(as e.g. in the proof of Theorem 1.1.3 in Giné and Zinn (1986)). This implies, as
e.g. in Giné and Zinn (1984, proof of Corollary 2.13), that

lim lim sup n Pr* sup If—gl(X1)/bn >€p =0.
6=0 m 196, p(f,9)<6

Then using regular variation of {b,} and the theorem in Feller (1971, p. 281) as in
the proof of the stable CLT in R, it follows that
/ bp > e} =0.

S - 9(Xi) - P(f - g))

=0 n  feeF . 0(f.9 =1

lim lim sup sup Pr
)<é
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This allows use of the randomization lemmas in §2 of Giné and Zinn (1984) to
obtain the eventual uniform p-equicontinuity of the nonrandomized sequence (2.8),
hence its eventual tightness and, by (i), its convergence in law to a Radon limit. 0O

2.7. REMARK. Regarding stochastic boundedness in the i.i.d. case Remark 2.4
gives the following statement: Let {X;}22, be i.i.d. (S,.#)-valued random variables
with law P and let {¢;}32, be a Rademacher sequence independent of {X;}$2,. Let
F C HA(S, S, P) with envelope F everywhere finite. Assume there exists a strictly
increasing sequence {b,} regularly varying of exponent 1/p for some p € (1, 2) such
that

(i) sup, nP*{F > bp} < 0o and

(ii) for some 6 > 0,

-0 n—oo ;
J=1

n
lim limsupPr* ZEij[Fsgb"](Xj) /bn >M )} =0.
F

Then the sequence {|| E;;l( Xi) — Pf)/bp|l#332, is stochastically bounded.
(In this case desymmetrization again follows from the lemmas in Giné and Zinn
(1984, §2), since condition (i) implies

n
lim limsup sup Pr Z —Pf)/bp|>M ; =0

—00 n—o0 I'e?'

by the usual computations with regularly varying functions, as mentioned in the
proof of Proposition 2.5.)

3. An exponential bound for sums of positive, bounded random vari-
ables. One of the basic technical tools in proofs of limit theorems combining brack-
eting and majorizing measures is the inequality in this section. The present inequal-
ity generalizes the one in Andersen et al. (1988).

3.1. THEOREM. Let {&:1 < n} be independent, nonnegative real random
variables and let ¢: RY — R* be a strictly increasing function. Assume there
exist hy | 0 and r > 1 such that

) Y P{& >} <1/3, 1>,
(i) by (/b hi), L7
Then, for d > 1, ¢ > 4d and b > 0 satisfying
(it}) $(b) < hy,
(iv) 4rby(b) < e,
the following inequality holds:

n
P {supaz &il{y(a)<ei<dp(v)] > c}

a> i=1

< 12exp{—clIn(3/e)/2(d v 2)by(b)}.

(3.1)
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PROOF. We have

P< sup a T >c
{0<agb Zﬁ' [¥(a)<&i<dw (b)) }

1=1

(3.2) < P{ sup GZ €iliy(a)<ei<uiv) > ¢/ 2}

0<a<b

+ P {Z I[w(b)<£,»5dw(b)] > C/Zbd'tb(b)} = (I) + (H).
i=1

Since h; | 0 we can find Iy > r such that hj 41 < ¥(b) < hy, by (iii). Then,
using (ii) and the fact that ¢ is increasing, we have b < 1/ Zi‘;l hi < 1/loh, i.e.
lo < 1/bhy, < 1/by(b). So, by inequalities (1.2) and (i) we obtain the following
estimate for (II):

n ¢/2 dby(b)

I < {26‘1 deby(b) Y _ P{& > w(b)}]

i=1

(33) < (2¢7" debup(b) (lo + 1)/3)°/2 4%

< (4de/3c)?®¥®) < exp {—621;117(12{;)) }

since ¢ > 4d.
Now we estimate (I). Let ¢ = &Ij¢,<y(b)) and let ¢, 1 < 7 < n, be the nonin-
creasing order statistics of ¢;, 1 <4 < n, ¢i,; :=0. Put A = ¢/4byp(b). Then

) Y r<e/d, 1<i<n,

1<i<A

and so we have

n
< P Lsup s (@) 3 6 T >c/2}
1=1

{a>0
n
<P{max sup o} *[oesg) > /2
< {1<z<ng 1<£)<€: (a);g, [y >al C/}
1
SP{lrgfnsxntﬁ (s ):L:(lg >C/4}
< P4 max (c,)maxh Y| > /4
- )\<t<l

< Py max ¢ /h > 1} Himaxycocnlvr () T, ., hid>e/4)

Now, A > 7 by (iv), so that (ii) and (iii) imply

l
max 47! () > hi< Jmax 7! h,);hiSI.

A<ill
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Hence, the above indicator is zero (¢ > 4d > 4). We apply inequality (1.2) to obtain

< P{ max /> 1)

<> {Zlc,>h:] >l}

(34) A<l<n l
<y (eZP{sjzhz}/l) < Y (e/3)
A<IL<n 7=1 A<i<n

3 cIn(3/e) cln(3/e)
< 5w~ ) < tew |-t )

Now (3.1) follows from the estimates (3.2), (3.3) and (3.4). O

Examples of sequences {k;} and functions ¢ are

(1) e =1717, () = (pz/(p - 1))"/P~1, Il EN, p € (1,00), z > 0.

(2) by =171, ¢(z) =e/ze'/*, l€N,0< < 1.

See 4.1 and 5.1 for additional examples.

4. The central limit theorem, non-i.i.d. case. In the next theorem, the
function ¢: Rt — R* and the constants hi, k € N, will satisfy the following
properties:

(4.1) o(x) too, z/p(z)loo asztoo, and
p(z) 10, z/p(z) |0 asz |0,
(4.2) /go(ln r7 1) dz < oo,
0
(43) hk l 0 ask T 00,
and
(4.4) there exist constants K > 0 and L > 1 such that

l
G hp” (Zh)<2hz, 1> L;

(ii) h < Khjyy, 1 21L;

oo l
(i) DA< KmY hi, 12L;

(and we can also assume, by changing K if necessary, that

1
(iv) <KDY hi 12 L).
i=1 .
4.1. EXAMPLES. (1) Let H(z), z > 0, be regularly varying at infinity with
exponent 1/p, p € (1,2) and such that

H(z) |0 and z/H(z)|0 asz]O,

1
H(z)too and z/H(z)1oo aszloo, and /dz/H(z)<oo
0
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Then hy = 2p'/H (k) and p(z) = z/H(z) satisfy (4.1)-(4.4) for suitable L and K
because of the well-known limits (Feller (1971)):

T dt
1 -1 — | =9 / =
Ilgn z [H(a:)/o H(t)] p', where1/p+1/p' =1,

and

— o [ dt __7Pp
i e [ ] =
(2) p(z) =Inz forz > e, p(z) =22/ for0<z < e; hy=1/l,l €N.

These examples include those at the end of §3.
The following is the main result of this paper:

4.2. THEOREM. Let p(z), = € Rt and hi, k € N, satisfy the properties
(4.1) to (4.4), and let b,, n € N, be positive finite constants. Let F C %(S,5)
with envelope F(s) finite for all s € S. Let {Xp;: 5 =1,...,n, n € N} be a
triangular array of row-wise independent S-valued random variables and for each
n let {enj: j = 1,...,n} be a Rademacher sequence independent of the Xy;, j =
1,...,n. Assume:

(i) The sequence of set functions

{Z«S”‘({f(an)/bn: f 637})|u|z||.7>61}

I=1 n=1

is eventually tight in [°(F).
(ii) There is a pseudo distance p on F and a Borel probability measure p on
(&, p) such that

(iia)dlimg_,o SUpsey f(f o(In1/u{B,(f,€)})de = 0 with sup;c 4 finite for § =
00, an

(iib) there are constants ¢ > 0, ng > 0 and Ly > 1 such that for all f € &,
I>L;,n>ng and e >0,

gEB,(f.€)

(4) S Py {e-l sup |f = gl/bn > am} <13,
Jj=1

where Pnj = a?()(nj).

(iii) For each k € N and f,...,fr € F, the triangular array of R*-valued
random variables {(f1(Xn;), .-, fk(Xns))/bn: 7 =1,...,n, n € N} is infinitesimal
and the sequence

o0

Zem(fl(xm-),--.,fk(xnj))/bn}
j=1

n=1
converges in law to an infinitely divisible law with a degenerate Gaussian component.
Then, the sequence of random elements {E;;l €njf(Xnj)/bn: [ E€F I, con-

verges tn law to a Radon infinitely divisible measure v on [°(F ) with a degenerate
Gaussian component.
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PROOF. By Corollary 2.2, convergence in law to a Radon probability measure
of [%° (&) will follow if we show
> e} =0
F

for all € > 0. That the limit is infinitely divisible without Gaussian component
follows then by condition (iii): since the limit « is Radon, it is supported by a
separable Banach subspace of [*°(& ), and then ~ is infinitely divisible with only a
degenerate Gaussian component by condition (iii) above, Theorem 7.9 of Hoffmann-
Jorgensen (1984) and Remark 5 there, with ¢ = {exp(¢) g0 @k fx): 2k € R,
fx € F} (where Y- ak fx(z) := Y akz(fx), z € I1%°(F)).

We now prove (4.6). As shown in Andersen et al. (1988, Lemma 2.1 and Remark
2.2(3)), by (4.1) and (4.2) there is no loss of generality in assuming that u is discrete,
with support {7, f: €N, fe F} C F, #{n.f: f € F} < oo for all g, satisfying

p(mof, f) <279, geN, fe%, and
{ limg,y— 00 Bge = liMgy—00 SUPfe.7 D g>q0 271V (f) =0
with sup; finite for go = 1, and
29
(“9) D= (b )

Letting, for each ¢ € N, Ty := {(m1f,...,mf): f € &} it is obvious that ~, is
actually defined on Ty, so that we write v4(t) = vo(f) if t = (71 f,...,7gf). Then,
by Andersen et al. (1988, Lemma 2.4), we have

oo

(4.9) Jim DY exp{-re~! (s7(t)} =0

q=11t€T,

n
Z Enij[Fgébn] (an)/bn

(4.6) lim lim sup Pr* {
§—0 n et

(4.7)

for every s > 0, with the sum finite for every r > 1. Now let ¥(z) := 1/zp~(1/x)
(tooaszToo,|0asz|0by (4.1)). For n,q,qo, f, define

cng(f) = 27%n%(1/74f),

*

AI(f) = min sup  |g-mfl|
q 15729 | geB,(n,f,3/277) '

where the * denotes the outer measurable envelope with respect to P := & (Xy;),
and

7i(f) =min{g > go: AL(f) > cng+1(f)}, J=1...n.

(Sometimes we write 7o f, cn,qf, ALf, 7;f instead of v4(f), cn,q(f), Al(f) and
7;(f) respectively.) Note that

(4.10) p(gin2) < v(f) =0(2?) and ~g(f) Too asq— oo,

4.11 inf (1 >0 forallg>0,
(4.11) flgyw( /"af) rall g

(4.12) Al(f)| asqt forall fandj,
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(4.13) |f = mfI S 28)(f),  Imqf — mg-1f] < 28%(f).
By summation by parts, as in Andersen et al. (1988), we have for all f € ¥ and
g0 < q1,

f=mgf+(f - WQOf)I[Tf=QO] +(f- ”qlf)I[‘erql]

q1—1 N
+ Y (PN pp=q+ Y. @ef = Tqm1HIrszq-
g=go+1 9=qo+1
Therefore,
(4.14)

n
> enifIip<ss,) (Xns)

Jj=1
{ > ebn}
g

n
Pr { D ens(f = Moo N, =qo lip<stn) (Xn)|| > 5bn}
Jj=1 g

Pr* {

> 6eb, }
F
n

Z €nj (7o f)[F<sbn) (Xnj)

Pr { anj(f = gy [z, r2q)d(P<sb,) (Xns)|| > ebn}
F

7=1
Pr{ > eb,,}
g
+ Pr* { > Ebn}
g

= (I) + (I1) + (1) + (IV) + (V).
Now,
(4.15) 5lin%) limsup (I) =0 for all go < 00
- n
by the CLT in finite dimensions, on account of condition (iii). To handle (II) we note
that for § small enough and gq >1 fixed, we have by (4.11), infs ¢y go+1f/bn > 26.
Furthermore, by definition, |A f| < 2F. Hence,
{T]'f = qo} n {F < 6bn} =.

Therefore, for such §’s, (II) = 0, that is,
(4.16) lim lim sup (IT) = 0.

n

—0

-1 n

Z Z(Agf)I[Cn,q+lf<A‘;fSCn,qf] (Xn:’)

q=qo+1j=1

q1 n
Z Zenj(ﬁqf—Wq—lf)I[r,fzq]I[Fssb..](an)

9=qo+1 j=1

By (4.1) and (4.10) supses ¥(1/7f) — 0 as ¢ — oo. Hence n(supjeg cnqf) =
nbn27%(1) and we can choose gi(n) such that n(supseg cn g, (n)f) < €bn (e.g.,
q1(n) ~ Inn). For such q; we obviously have

(4.17) (I11) = 0.



616 N. T. ANDERSEN, EVARIST GINE AND JOEL ZINN

To estimate (IV) we make use of Theorem 3.1. With tof = (mf,..., 7, f) and
taking into account that A} f, v, f and c,, f depend on f only through ¢, f we have

q1—1
Z Z Pr sup (Yg+1£)~ Zb Lgatingl
a=go+1t€T, tof=t}
-1
% Ilcn,q+1f<A{,'f<c,,qf](an) > el 1a
q1—1 n |
Z Z Pr* sup Q.ZZQ-f-lb;lAzf
q=qo+1t€T, 0<a<1/vet ;=)

-1
Ty (ay<2ar 167183 <201/ 1)) (X)) > €Bg2

We want to use Theorem 3.1 with & = 29710 1A f, b= 1/t d=2,c=¢ q0+2
and r = LV L; (see (4.4) and (iib)). Slnce in (4 5) we may assume o = 1/6
just by multiplying either p or b, by a suitable constant, then (4.5) implies (1) in
Theorem 3.1. We can choose g large enough such that ¢ > 8, h, > 9(1/7,t) and
4r(~yqt) ~1(1/7,4t) < ¢ for g > qo and t € Ty, so that (iii) and (iv) in 3.1 hold too.
Finally, (4.4)(i) is just (ii) in Theorem 3.1. We thus obtain

a1—1 eln(3/e)p" (14t)
3 Zl2~exp{— 4 Byt }qoqooo

g=qo+1teT,
uniformly in n,é and gq;.

We finally estimate (V) using Bernstein’s inequality as in Andersen et al. (loc. cit.):

<2 i Zexp : —(e/Bag+1)°27* (741)°b7 )
8- " Pnj(A}t)2 279+ (yqt)e(cn,qt)bn /3Bqp+1

n
, Ajt)2I +
9=qo0+11t€T, j=1 Pni(Bat) [83t<cn qt]

Letting n; = 2qb7_llAgt1[Af,t§c,.,qt] (Xn,5), we have 37| P(n; > hy) < 1/3. Let
l; = l;(g) be defined by the inequality

(4.19) hi,+1 < Y(1/7qt) < by,
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for ¢ > qo (qo is chosen large enough so that [;(gq) > L; V L, for all ¢ > gp). Then,
using the properties in (4.4), we have

n n
> Pri (AT Lipgicc, o) = 27200 D BN} i, <u(1/740)

no v(1/7t)
<2-272%9%2 Z/ uP{n; > u}du

<2” 2‘7+1b22 Z / uP{n; > u}du
j=11=l(q) Y i1
o0

<2722 Z (L +1)(hf — hiyy)
(4.20) 1=t (q)

22_2%3[ Q)hi, () + Z hl}

1=l (q
li(q)
<272 Ky D b
=1
li(q)
<2722 K2 hy (g)1 D
=1
< 27MHL K2 (1/t)vet = 272 IR K (20)? /07 (gt)
where in the last inequality we have used that

li(q)

V(1/7gt) < hiy(q) SV (1/ Y k| (by (4.49)(1))
1=1

i.e. since ¥ (z) is nondecreasing, vt > Zl‘(q) h;. Using (4.20) we get

G
)<2 Z Zexp{ K'+2€/,qu+ql) 0+1}

q=qo+1teT,

where K’ is a suitable constant (independent of ¢, n, g1, go, etc.). Since Bg+1 — 0
we obtain by (4.9)

(4.21) lim (V) =0 uniformly in n, ¢, and é.

90— 00
Now (4.15), (4.16), (4.17), (4.18) and (4.21) give
lim limsuplimsup((I)+---+(V)) =0,

qo—0 5,0 n—o00
which by (4.14) is nothing but (4.6). 0O
Regarding stochastic boundedness, we have

4.3. PROPOSITION. Let o, {hx} and {b,} be as in Theorem 4.2. Let & C
Z(S,F) have everywhere finite envelope F. Let {Xpn;:j = 1,...,n € N} be a
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triangular array of row-wise independent S-valued random variables and, for each n,
{€n;:J =1,...,n} a Rademacher sequence independent of the Xpnj, j = 1,...,n.
Assume:

(i) limpr— o0 SUP,, -7y Pr*{F(Xy;) > Mb,} =0.

(ii) For all f € %, 1 > lg, n > ng and € > 0, and for some o0 > 0, ng > 1 and
lo 21,

n
(4.5) ZP,';J» {s'l sup |f —g|/bn > ahl} <1/3,
Jj=1

gEB,(f,€)

where p is a pseudodistance on F for which there exists a probability measure u
such that

(4.22) jflelg /Ooo © (ln m) de < 0.

Then the sequence {Z;;l €ng f(Xnj)/bn: [ €F Y, s stochastically bounded.

We omit the proof, which is similar to that of Theorem 4.2 (and uses Remark
2.4 instead of Corollary 2.2; the main difference is that here

Cnaf = MY227%,9(1/7,f)).

In the next section we apply these two theorems to p-stable convergence for
empirical processes, but they may be useful in other situations as well. Here is an
easy example.

4.4. EXAMPLE. Let U; be independent uniform on [0, 1]. Define X,; = nUj,
7=1,....,n,n€N. Let

F = {fulz) = (u—2)[jg<y: u €[0,1]}.

Then the sequence {3°7_, fu(Xn;): u € [0,1]} converges weakly to a Radon meas-
ure of °°[0, 1]. Actually, the convergence takes place in C[0, 1]. (Note that f,(nU;)
= [y Ilnu,<¢) dt and it is clear that, since > %=1 1mu; <y converges to the Pois-
son process—weakly in D[0, 1]—then Z;;l f(;‘ Iiny,<t) dt must converge in law in
D, hence in C, to the integrated Poisson processes.) We will check that this re-
sult follows easily from Theorem 4.2. Since E Y7, fu(Xn;) = u?/2, the same
arguments given in §2 show that it is enough to consider the randomized version
E?=1 €jfu(Xn;). To apply Theorem 4.2, let us check first condition (i): for all
>0

lim limsupnA { z: sup |fu(nz) — fy(nz)| > 7, sup fu(nz) >4
e=0 lu—v|<e,0<u,v<1 0<u<1

< lim limsupnlies, =0 (since |fu = fol < |u—v]),
E— n

and

lim sup nA {a:: sup fy(nz) > 5} =1-4,
n 0<u<1
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hence the sequence in (i) is eventually tight. As for (ii), we have many choices for
o, p and hg. Take p(u,v) = |u — v|. Then (4.5) is, for e <1 and [ > 6,

sup nA{e™!|fu—eyvo(nz) — futeynr(nz)| > ohi}

u€[0,1]
< sup nM|fw-e)vo(nz) = frute)ar(nz)| > 0}
u€[0,1)
< sup (u+¢€)<2</3
u€(0,1]

Now, take e.g. by = I=1/? p(z) = z'/? for any p € (1,2) and u = Lebesgue
measure on [0, 1].

4.5. EXAMPLE. Theorem 4.2 can be used to obtain weak convergence of the
processes considered in Csérgo et al. (1986, §3). We only indicate how to check
conditions (i) and (ii) of Theorem 4.2 for the processes {} i, & f:(nU;): t > 0}
where fo(z) =0, fi(z) :=p~! fg Tig<q) ds/s'*t1/?, z € (0,00), and {U;}$2, arei.i.d.
uniform on (0,1). (Here S = (0,1), ¥ = &, Xn; = nU; and P,; = Z(Xy;).)
Just take 6 > 0 such that p < 2(1 — pé), by = I5=1/P p(z) = z8+1/F' and
p(s,t) = | J; da/(1+2)'+0], 5, > 0.

5. The CLT with stable limits. We start by applying Theorem 4.2 to the
CLT for i.i.d. random variables X; and p-stable limits. We note that we cannot
obtain a result for all normings B(n) = n!/? M (n) with M slowly varying at infinity,
but only under a submultiplicativity property for B which is essentially the same
that Marcus (1986) used in a different, but related, context. The reason for this
constraint appears explicitly in the proof of Theorem 5.2 that follows (and also in
the proof of Theorem 3.1).

Let now B(z) and H(z), z € [0,00), be real valued functions satisfying:

(5.1) B(u)H(v) £ KB(uv) for some K >0, u>0, v2>1;

(5.2) B and H are regularly varying functions with exponent 1/p
for some p € (1,2), continuous, strictly increasing,

1
B(0) = H(0) = 0 and such that / dt/H(t) < oo;
0

(5:3) the function p(z) := z/H(z), = > 0, p(0) := 0 is strictly

increasing and continuous.

5.1. EXAMPLES. The following subsets of the set of examples in 4.1 satisfy
(5.1)-(5.3). Let Lz :=In(e V z).

(1) B(z) = H(z) = z1/?/(Lz)*, a > 0, 1 < p < 2, and then p(z) ~ z!/?'(Lz)*
where 1/p+1/p' = 1.

(2) B(z) = z1/P(Lz)*, a > 0,1 < p < 2, and H(z) = z'/?, p(z) = z!/?".

Theorem 4.2 gives the following corollary for stable limits:

5.2. THEOREM. Letp € (1,2) and let B, H,p be functions satisfying (5.1) to
(5.3) for this value of p. Let ¥ C A(S,”, P) with F(z) < oo for all s € S. Let
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{X:}382, be i.i.d. S-valued random variables with law P. Assume:
(i) The finite dimensional distributions of the sequence

n o0

(5.4) {Z(f(Xi) - Pf)/B(n): f 637}
=1 n=1

converge in law (necessarily to p-stable measures in Euclidean space);

(ii) The sequence of set functions on I®(F ),

(5.5) {nL*(8x,/B(n)[jjzll> >6] ne1
s eventually tight for all 6 > 0, and

(iii) There are a pseudodistance p on F and a Borel probability measure u on
(¥, p) such that

(iiia& lims—osupses fy ©(In1/u{B,(f,€)})de = 0 with sup;cs finite for § =
00, an

(iiib) There ezists ¢ < 0o such that for all f € F ande >0

*

(5.6) suptP{e—l [ sup |f —g|
t>0 9EB,(f.€)

Then, the sequence (5.4) converges in law in [®°(F) to a p-stable Radon measure,

i.e. & € CLT(P, B(n)).

PROOF. By taking B(3ct) instead of B(t) if necessary, we may assume c in (5.6)
to be 1/3. Now, since B(t)/H(l) > B(t/l)/K for all [ > 1, (5.6) implies (4.5) with
bn = B(n), hy =1/H(l), 0 = K and P,; = P. Also, (4.1) to (4.3) follow from the
well-known properties of regularly varying functions (see Example 4.1); to obtain
(4.4) it may be necessary to replace H by a suitable multiple. So, the proof of
Theorem 4.2 applies to give

> 6} =0
5

for all ¢ > 0, and this is enough to prove Theorem 5.2 in view of Proposition 2.5. O

5.3. REMARKS. (1) Talagrand’s (1986) recent result on necessary conditions
for sample continuity of stable measures allows for the replacement of condition
(iiia) on p and p by

(iiia)" p is the Ly (or equivalently A, ) pseudodistance associated to a Radon
p-stable probability measure on [®°(% ).

But (iiia)’ is a stronger condition than (iiia), in contrast with the Gaussian case
(Theorems 4.1 and 4.4 in Andersen et al. (1988)).

(2) Conditions (ii) and (iiib) in the previous theorem can be replaced by the
stronger condition: there exists ¢ < oo such that for all € > 0,

> B(t)} <c

> e/ Iir<snm)(X5)/B(n)

n =1

lim lim sup Pr* {
50

> B(t)} <ec.

(5.7) suptP{e~! sup |f — gl
t>0 {f.9€7 : p(f.9)<¢}

Since (F, p) is totally bounded, (5.7) implies that the set functions (5.5) are uni-

formly bounded; moreover (5.7) expresses the fact that the sequence of set func-

tions (5.5) is asymptotically p-equicontinuous, hence the sequence (5.5) is eventually

tight.
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We state next a result for the case p = 1, B(n) = n and randomized empir-
icals (these limitations are imposed only in order to avoid technicalities such as
complicated expressions for ¢ and/or truncated expectations). It is an immediate
consequence of Theorem 4.2 (see Example 4.1(2)).

5.4. THEOREM. Let ¥ C 4(S,.%”,P), with F(s) < oo for all s € S. As-
sume, for {X;}2, i.i.d. S-valued random variables with law P and {;}2, a
Rademacher sequence independent of {X;}52,:

(i) The finite dimensional distributions of the sequence

(5.8) Y e f(X)/n: feF
7=1

converge in law.
(i) The sequence of set functions on [®°(F),

{(nL* (6x, /M) [jicll5>6) 1

15 eventually tight for all 6 > 0.

(ii) There are a pseudodistance p on F and a Borel probability measure u on
(&, p) such that

(iiia) lims o supse s f‘f In; (In1/u{B,(f,€)}) de = 0, with supscg finite for 6 =
00, and

(ilib) There exists ¢ > 0 such that for all f € F and e > 0,

suptP* sup |f—g|>tp <ce.
t>0 9€B,(f.€)

Then, the sequence (5.8) converges in law in [®°(F) to a 1-stable Radon measure.

5.5. REMARK. Remark 5.3 with B(n) = n obviously applies also in the case
of Theorem 5.4.

5.6. EXAMPLE. A CLT in C(T). Proceeding as in the proof of Theorem
4.5 of Andersen et al. (1988) we obtain the following slight generalization of the
CLT in Marcus and Pisier (1984, Corollary 1.4) (see also Juknevi¢iene (1986)) as
a corollary of the preceding Theorems 5.2 and 5.4: Let (T',d) be a compact metric
or pseudometric space, and let {X(t),t € T} be a sample continuous process on
(T,d), centered for 1 < p < 2 and symmetric for p = 1. Let By(z) and ©,(z) satisfy
conditions (5.1)-(5.3) for 1 < p < 2, and let By(z) = z, p1(z) = Iny z for p = 1.
Assume, for X; i.id. with & (X;) = .Z(X),

(i) the finite dimensional distributions of

(5.9) {Z X,-/B,,(n)}

converge in law.
(ii) For all e > 0, 7 > 0,

oo

n=1

Blim limsupnP{ sup |X(t) — X(s)| > eBp(u), | X|loo > er(n)} =0.

—0 n—oo d(s,t)<6
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(iii) There exist a continuous pseudodistance p on T and a Borel probability
measure p on (T, d) such that:

(ilia) lims o sup;er f(f ©p(In1/u{B,(t,€)}) de = 0 with sup,c finite for § = oo,
and

(iiib) there exists ¢ < oo such that for all € > 0,

sup uP{ sup |X(t) — X(s)|/e > B(u)} <ec.
u>0 p(st)<e

Then the sequence (5.9) converges in law in C(T') to the law of a p-stable sample
continuous process.

5.6. REMARK. As a consequence of Theorem 4.3, we can drop conditions
(i) and (ii) and weaken condition (iii) in Theorems 5.2 and 5.3, and still obtain
stochastic boundedness, that is: Let p € (1,2) (resp. p = 1) and let B, H, p satisfy
(5.1) to (5.3) (resp. B(n) = H(n) = n and p(z) = In; z), let ¥ C A(S,.7, P)
(resp. £(S,#, P)) with F everywhere finite, and let {X;}%, be i.i.d. S-valued
random variables with law P (and {¢;}$2, a Rademacher sequence independent
of {X;}$2, in case p = 1). Then, if there exist a pseudodistance p on # and a
probability measure u on (F,p) such that condition (iii) of Theorem 5.2 (resp.
Theorem 5.4) holds with (iiia) weakened to only

o 1
fé‘,‘%/o 4 (1“ w(B, (7, s)}> de < 0,

the sequence (5.4) (resp. (5.8)) is stochastically bounded.

Theorems 5.2 and 5.4, together with standard arguments in de Acosta (1981) or
in Kuelbs and Zinn (1979) about the equivalence of the weak and the strong law of
large numbers in Banach spaces, give the following laws of large numbers:

5.7. PROPOSITION. Constider the situation of Theorem 5.2, without condition
(1) and with condition (ii) replaced by

(ii) tP*{F > B(t)} - 0 ast — oo.
Then

—0 n pr*.

Z — Pf)/B(n)

7
If (i)’ is replaced by

(i) P(B7Y(F)) < o0
(or equivalently, by F(X,)/B(7) — 0 a.s.), then

Z - Pf)/B(n)|| —0 as

F

5.8. PROPOSITION. Let & C .A(S,7,P) with F everywhere finite and
supsez |PfIjjf)>n)| — 0 as n — co0. Assume

(5.10) tP*(F>t)—0 ast— o0
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and condition (iii) from Theorem 5.4. Then

n

> (f(X:) = Pf)/n

=1

—0 in pr.
v
If instead of (5.10) we have P*F < oo, then

n

Y _(f(X:) = Pf)/n

1=1

—0 a.s.
F

(It is easy to check that the condition sup;cg |PfI|j|>n)| — O allows for cen-
tering at expectations.)

5.9. EXAMPLE. A stable CLT in cy. The positive results in the following
proposition are obtained as corollaries to the theorems in this section. Recall that
co denotes the Banach space of all real sequences that converge to zero, equipped
with the sup norm. If X is a co-valued random variable, we write X € CLT(n'/?),
p € (1,2], if there is a p-stable measure « in ¢o such that

n

Z (Z(Xi - Exz-)/nl/") — 7
i=1

where the X, are i.i.d. copies of X. If v = §y we write X € LLN(n!/?) and if the se-

quence {|| 7, (X; — EX;)/n!/P||}5%, is stochastically bounded, X € BCLT(n!/?).

With this notation we have

5.10. PROPOSITION. Let X = (¢1,...,¢k,.--) be a random vector with in-
finitely many real coordinates. Let p € (1,2) and let p’ be the conjugate of p. Set
en = (Ln)Y/?" Ap oo (SUD;>p Ig5]). We have:

(i) If the sequence {€,} is bounded, then X € co and X € BCLT(nl/?) (in cp).

(ii) If (¢15...,¢k) € CLT(n'/?) for all k € N and if lim,_,oo€n, = 0, then
X € CLT(n!/?).

(iii) If lim¢—oo tP P{|gk| > t} = 0 and lim,— 0 €n = 0, then X € LLN(n!/?).
Moreover, the co-valued random variable Y = {(Lk)~Y/?' ¢, }2° . where {ex} is a
Rademacher sequence, does not belong to LLN(n'/?), and Z = {cx(Lk)~ /P e} |,
where cx — 0o, does not belong to BCLT(n!/?).

The statements about Y and Z follow directly from Kolmogorov’s lower expo-
nential bound (e.g. Stout (1974, p. 262, Theorem 5.2.2(iii))) as in the proof of
Proposition 5.4 in Andersen et al. (1988). Details are omitted. Statement (iii) is a
particular case of (ii) (with & as limiting measure), and the proof of (i) is similar
to the proof of (ii), so we will only prove (ii). The proof is based on Theorem
5.2 and the following lemma, which explicitly construct majorizing measures for
some simple ultrametric spaces (this lemma is known; it is only presented here
for the readers’ convenience). See Heinkel (1983) for a similar construction. See
also Paulauskas, and Rackauskas (1984) for results similar to (in fact contained in)
Proposition 5.10.

_5.11. LEMMA. Let 1 < p < 2 and let p’ denote the conjugate of p. Let
N = NuU{oo}, let {a,: n € N} be a sequence of positive numbers and set ao, = 0.
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Define on N a distance p by

(5.10) p(i,7)=aiVa;, 14,j€N,1#5  p(i,1)=0, ‘€N

Then, if an = o((Ln)~/?") there are projections 1 N - N, ¢ € N, and a
probability measure p on e, 1N satisfying:

(a) mq has finite range and p(j,mq5) <279, j € %—\T, g €N, and

(b) limgy—oo SUP; e Zq?qo 2-9(In1/p{mgi HV? = 0 with the sup; finite for
go = 1. If a, = O((Ln)~1/?") then there are m;, ¢ € N, and u satisfying (a) and

(b') sup; 3,5, 279(In 1/p{me5}) /7" < oo.

PROOF. Only the “little 0” statement will be proved (the “big O” part is
analogous). Obviously if (N, p) satisfies (a) and (b), so does (N, p) for any p such
that p < ¢p,c < 0co. Hence we may assume a; = 1, a, = en(Ln)“l/”' with a, | 0,
€n | 0 and €, > (Ln)~!. Let

(5.11) no:=0 and ng:=inf{j:a; <279} forg>1,
and define
(5.12) Ty =J ifj<mg, mgg=o00 otherwise.

Then obviously 7, satisfies (a). Define a probability measure p on N as follows:
(5.13) p{oo} =1, wp{s} = c/ng forng_1 <j<ng, €N,

where ¢ = 23002 (ng —ng-1)/n?]". (Note that since e, > (Ln)~1, 3ong ' < 00.)
Now we check that u satisfies condition (b). The sequence n, is monotonically
increasing to oo and, since €, | 0, there exist §; — 0 such that

(5.14) ng = exp{2'“"«5q}, g€ N.
If j < ng, then myy = j for all ¢ > qo, and p{j} > u{ng, }. Hence

l/pl o ’ ’
(515) Z 24 (]n 'u{w J}) < (Z 2—q> (|lnc| +21+qop 6q0)l/P
q

a=qo0 a=q0

= (200797 | In¢| + 2p’+16q0)1/p’.
If ‘j > Mo and if gj, 7 > 0, is deﬁned' by the .inequalities ng;_, < J < ng,, we have
(since w5 = oo for ¢ < gj, and p{mys} = pu{s} > u{ny,} for ¢ > g;):

(5.16) i 29 (mu{%qj})l/pl

9=4qo
qj_l ’ ’
Z 279 | (In2)V/7 + E 27| (|lnc| + 2'+%P 5qj)1/p

9=qo a=gq;
< 2790+ (In )P 4 (20-9)P | In¢| 4 27" +1g, )1/P.
(5.15) and (5.16) prove (b). O
PROOF OF (ii) FROM PROPOSITION 5.10. Let (S,%) = (0, &), P =
L&y kny...) = L(X) and F = {fp,n € N: fo(z) = 2 for n < o0,
foo(z) = 0}. It is enough to prove that ¥ € CLT(P,n'/?). We apply Theo-
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rem 5.2. The finite dimensional distributions satisfy the n!/P-CLT by hypothesis.
Let an, = €,/(Ln)Y/?, n € N, and aoo = 0, and define

p(fn,fm) =0npam ifn ?é m, p(fn,fn) =0, nme N.

Then, by Lemma 5.11, (&, p) satisfies condition (iiia) from Theorem 5.2. To verify
conditions (ii) and (iiib) from Theorem 5.2 with B(n) = n!/P note that, given
€>0,ifa, <e<ap_1, then B,,(fk,e) = {fk} if Kk <nand B,,(fk,e) C {fj}jZn
for k > n; therefore,

suptPr{ sup |f(X)—g(X)| > etl/”}
t>0 o(f.9)<e

< 21*P¢ P gup P Pr {sup &5 > t} < 2t
£>0 i>n

and this gives (ii) and (iiib) by Remark 5.3(2). O

6. A law of the iterated logarithm. In Andersen et al. (1988) and in Ledoux
and Talagrand (1986) the law of the iterated logarithm of Ledoux (1981) is extended
to a bracketing LIL. Here we extend the following recent result of Ledoux (private
communication): Let (T, d) be a compact metric space, p a d-continuous pseudo-
distance on T, M a real random variable and X(t), t € T, a sample continuous
process such that:

(i) EX?2(t) < oo for all t € T (respectively, the random variables {X?(t): t € T’}
are uniformly integrable),

(i) | X(t,w) — X(s,w)| £ M(w)p(s,t) for all w e, s,t €T,

(ili) p is dominated by the Lj-distance of a sample bounded Gaussian process
(respectively, sample continuous Gaussian process),

(iv) E(M?/LyM) < oo.

Then X satisfies the bounded law of the iterated logarithm (BLIL) (respectively,
the compact law of the iterated logarithm—the CLIL).

A consequence of our result is that the condition on M can be weakened to
SUP;5o(t2/Lat) P(M > t) < 00.

(As usual, Lz = 1VInz and Ly = Lo L. We refer to Andersen et al. (1988)
for notation on the LIL for empirical processes, in particular for the meaning of
expressions like & € CLIL(P) and & € BLIL(P).)

The additional ingredient for the proof of the following LIL will be the Ledoux-
Talagrand (1986) LIL for B-valued random variables X, B a separable Banach
space.

6.1. THEOREM (LEDOUX AND TALAGRAND (1986)). Let X be a B-valued
random variable, B a separable Banach space. Then X € CLIL (resp. X € BLIL)
if and only if the following three conditions hold:

(i) Ef(X) = 0 and the random variables {f*(X): f € B, ||f|| < 1} are uni-
formly integrable (resp. Ef(X) =0 and Ef?(X) < oo for all f € B").

(if) E(||IX/12/L2]l X])) < o0.

(ili) If {X;} are i.i.d. copies of X and {&;} a Rademacher sequence independent
of {Xi}, then 3, €iX;/a, — 0 in pr. (resp. the sequence {|| > r_, € Xi/an |},
is stochastically bounded) where a,, = (nLon)!/2.
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Actually, the proof of this theorem goes through in the nonseparable case if
enough measurability is assumed. So, Theorem 5.1 reduces the LIL to a weak law
of large numbers, which is essentially the type of result we ended up proving in the
previous sections.

6.2. THEOREM. Let & C %4(S,,P) with envelope F everywhere finite,
and such that for all n € N, the processes

f=)Y f(X), feZF,
1=1

are separable (for £ (P)). Assume:
(i) P(F?/LyF) < oo,

and that there exists a Gaussian process G on F with bounded dg-uniformly con-
tinuous sample paths (d%(f,9) = E(G(f) — G(g))?) (respectively, G has bounded
sample paths) such that

) (f —9)*/d&(f.9)
(i) sup P { Lollf - 9l/do 7 9] } <

and

(iii) there exists K < oo such that for all f € F, € > 0,

2
supt—Pr el sup |f-g|>ty <K.
t>0 Lat 9€Bag (f.)

Then & € CLIL(P) (respectively, & € BLIL(P)).

PROOF. We will only prove the compact LIL. Since {G(f): f € F } is relatively
compact in %(S,. %, P), the family of functions {(}3" ;G (f:))?: fi € F, 3 || <
1} is uniformly integrable by Dini’s lemma. So, by Theorem 6.1, we only need to
show that for all € > 0,

> e} =0.
7

Now, by Talagrand’s (1987) theorem on Gaussian processes, if ¢(z) = z'/? then
there is a discrete probability measure 4 on ¥ supported by {m,f: g€ N, f € .5}
such that (4.7) holds with p = dg, and therefore (4.9) holds with p=!(z) = z2.

Define

(6.1) liyrlnPr{ Xn:eif(X,-)/an
i=1

Cn,q(f) =271 (nL2n)l/2/'7qf,
and then 7f and A, f as in the proof of Theorem 4.2 using this new ¢, of. Since
for every qo, #{mg,f: f € F} < 00 and 7, f € L(P),

n

S €ilmgo /) (X /an

=1

— 0 in pr.,
7
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>e}=0
F

for all € > 0. To prove (6.2) we use a decomposition of f — m,, f just as in (4.14),

that is
Pr { > 46}
5

&i(f - 7rqof)I[Tf=qo](Xi)/a"

hence (6.1) is equivalent to

S eilf ~ mao (X an

=1

(6.2) lim limsupPr {
qo—00 n

n

S ilf — oo/ (Xe)fan

=1
n

SPr{ >

i=1

n

g
¥
Yo eilf = 7o Nirr2a)(Xi)/an

>e}
i=1 A
7

+Pr{
-1 n
+Pr Z ZAQfI[Cn,q+1f<Aqucn,qf](Xi)/an
+PI‘{ 2 6}
b4
+

g=qo+1i=1

q1 n
Y Doeilmef = mg-1/)rs2q)(Xi)/an

g=go+1i=1

= (I1) + (IIT) + (IV) + (V).

The integrability condition (i) implies that
nP{F > Aan,} - 0 asn — oo,

for all A — 0. So, assuming as we may that ~4,41f < 270, we have

> }
5

(6.3) limsup (II) = limsup Pr {
n n

n
Y Agofliag f>cnage f] (Xi)l
=1

< limsupnP{2F > 272%q,} = 0.
n

As in Theorem 4.2,
(6.4) (IIm=o

if nep,g, 41/ < €ap or, if n27% < e, 41 f, and since g, +1f > (g1 + 1)1/, this
holds for Inn > €~2 as long as q;(n) > Ln. For (IV), we use the proof of Theorem
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3.1 with h; = {712, ¢y(z) ~ z and d = 1. We get, as in the estimation of (I) in
Theorem 3.1,

q1 -1
o R o

a=qo+1t€T, {femaf=t} 2

q1—-1 —1
Z ZPr{ sup 2

a=qo+1teT, {f: "qf t} Yo+1.f

294, f
x Z Io=1nq417<290g f/an<1/~gt) (Xi) > 5/4ﬂqo+2}

=1

ol enP{2944f/an > c/l)}/?} l
Sy oy [ —

g=qo+1t€T, cbt—2<l$n

IN

(where we let by := 1/~4t and ¢ := /4840 +2)

‘“Zl Z Z enKLz((anzn/l)l/2)
cnLan/l '

9=90+1t€Tq cp~2<i<n

IN

Now, for Lac > 2 and Lan > 2 (which we can assume), we have

1/2
L, <(cn[l&n) > < La(en) = L(Le + Ln) < Lac + Lan < (Lac)(Lan).

So, by (4.9) with p~1(z) = z2,

Sy ox [Ee]

9=q0+1t€Ty cb % <i<n

6.5 1—1 -
(09 < QZ Z (1—— Kechc) 1exp{—cbt'Zln(c/KeLgc)}

g=qo+1t€T,
— 0 as gy — oo.

Finally, to estimate (V) we must find a bound for P(mqf — mq—1 f )21[,j2q]. Noting
that dZ (mqf, mq—1f) < 92729, that ¢, 4f/3-279 < n, and using hypothesis (ii)
we get

P(nqf = mq-1/) 1, 2q) < Kdg(mof,mq-1f)L2 (m)

<9K2 X [,n.
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Hence, using Bernstein’s inequality as in the evaluation of (V) in Theorem 4.2, we

get
(6.6)
n
( <2 Z Z PI‘{ ZE{(T"qt - Fq—lt)I[TSq] (Xz) > 5an2_q7qt/ﬂqo+1}
q=qo+1t€T, =1
QZI E exp —cta2” 2q(7qt)2/ go+1
9=qo+1t€T, 18K27%0f + 5= an279(7qt) (Cn qt)
q1
('YQt) }
<2 exp -0
q=§o:+l teZTq { 20+1(18K +3¢/2B40+1)

as go — oo uniformly in n.

(6.3) to (6.5) give (6.2) and the result follows. O
For another approach to the LIL (and the CLT(n!/2)) for Lipschitz processes
see Heinkel (1987).

7. Some additional examples: BL* norms, weighted empiricals.
(a) BL* norms. For f: R — R, define

I fllsL —||f||oo+sup|f z) — fW)l/1z = yl,
BL;(R) := {f: R — R, [|fllsL <1},

and for Borel measures @ of bounded variation on R,

Qllpe- =sup{| / fdQ] fe BLI(R)}.

It is well known that ||P, — P||gL- — 0 a.s. for all probability laws P on (R, %),
and Giné and Zinn (1986) prove that BL;(R) € CLT(P,n!/?) if and only if
Z]__OO[P (I;)]}/? < 0o, where I; = [j — 1,5). A natural question to ask is whether
BL;(R) € CLT(P,n'/?), p € (1,2), under weaker conditions on P. A first observa-
tion is that BL; (R) € CLT(P,n!/?) if and only if

(7.1) n'~Y?|P, — P|lgL- — 0 as.

because of boundedness of the envelope function F' of BL;(R). We obtain below
necessary and sufficient conditions for (7.1) to hold. We do not seem to be able
to obtain this result in full from Proposition 5.7, but it gets close to it. As an
illustration, here is how one applies this proposition. To apply Proposition 5.7 for
a given P, it is enough to find a distance p satisfying conditions (iii) from Theorem
5.2 with B(t) = t'/? and .# = BL;(R). For clarity of exposition, we will assume
p; := P(I;) | and p; = 0 for 7 <0, and will only be interested in p; of power type.
Consider, for f,g € BL;(R1),

plf:9) = sup lf = glly /57, with [[hll; = sup{|h(z)|: = € L},
2
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where 7 is a positive number to be determined. Standard computations show that
the metric entropy of BL;(R1) for p is

e~ ifr<i,
InN(BL;(RY),pe) ™! Y j7~{ ellne! ifr=1,
j<e=1/r el ifr>1,

and we want p to satisfy (iiia) in Theorem 5.2, which for metric entropy reduces to
/ (In N(BLy(R*), p, )" de < oo
0

(with 1/p+ 1/p’ = 1). This integral is finite if and only if r > 1/p'.
Condition (iiib) in Theorem 5.2 for P becomes

supt? P{z: sup[|h(z)|: h € BLy(R"), ||hll; < &j” for j < e "] >t} < ce?
£>0

for all € near to 0. The left-hand side is bounded by

sup t? [ Z Pillejr>e + E pilj1>y
t>0 j<5—1/f jZE—l/r
and this is bounded by €Pc for all € near to 0 if and only if sup,o t™ Ej>t pj < 00.
Thus, Proposition 5.7 shows that if p; < 1/57 for some r > p, then (7.1) holds.
Now we will obtain general necessary and sufficient conditions for (7.1) to hold;
in particular we will see that if p; = 1/77 then P does not satisfy (7.1). Note
that with extra care in the above arguments we would have obtained (7.1) for
p; = 1/7P(Iny)" for certain r’s, but not much more, and this is not good enough as
we see below.

7.1. THEOREM. Letp; = P(I;), 7 €Z. Then

(7.1) n'=Y?|P, - P|lpL- —» 0 a.s.

if and only if both

(7.2) ni=l/p Z p; — 0
{5: p;<1/n}

and

(7.3) nl/2=tp N % o,
{3: pj>1/n}

PROOF. We decompose f(z), f € BL1(R), as follows,

Z Tize(j-1.9)] [/ (f'(8)=fG)+f(G-1))ds

]_—00

+ () = fG- D))= +1)+ (- 1)]
= > / Iizefj-1,5) 51,2 (8)e;5(s) ds
J=-00

+ D gl(e =+ Dljgej-1,) + (7 + 1= 2)aeps ey

Jj=-©
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where f’ is the derivative of f, p;(s) = f'(s) = (f(4) — f(7 —1)) and a; = f(7). Let

T: BL(R) — L® := [GB;?';_OOLE'?(J'— L,7)| @i 1%°(2Z)

loo

where A
j
LE(-1,5) = {so € L™(j - LJ): / p(s)ds = 0} ;
j-1
be defined by T'f = {{p;}2,, {a;}2} with ¢;, a; as above. Then T is obviously
an isomorphism between these two Banach spaces.
By randomization, as usual, we can replace in (7.1) (P,—P)(f) by 31—, €if(Xi),
X; i.i.d. with law P. The decomposition (7.4) gives, by duality (note that (L) =
= [@u (LG - L7)/R)] @ 1(2)),

(7.5)

BL,(R)
oo

~ Z inf
. a€R J;_

'Iu—l,xf)(S)I[x,-e[j—l,j)l +a| ds

+i(

j=—00

Zsz i =7+ Dixiefi1,9)]

n
+ D&l + 1= X)Iixieps g+ ) :
i=1
So, by the contraction principle,
n [ o] n
(7.6) E. |3 eif(X:) < Y E|) eilixel-1)|
i=1 BL;(R) J=—o0 =1

and by the triangle inequality (applied to the last two summands in (7.5) with a
shift on j for the third),

Zeif(xz)

Now, E| Y1, eiljx,c[j1,5)| is easy to estimate. For instance, we can use Lemma
3.2 and Corollary 3.4 in Giné and Zinn (1983) to show that this expectation is
bounded from above and from below by fixed linear combinations of the following
three quantities:

(1) bo :=inf[t > 0: nP{I[x,e1,) >t} < 1/72],

oo

»>

BL:(R) j=—o00

n
Y eidixe-1|-

=1

(7.7)

(ll) ’nA P{I[Xlelj] > t} dt,

2\ 1/2
(ii) (E ) ,

n
Z eiI[XiGIj]I[I[X'-EIjls6O]
i=1
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which are respectively equal to

(7.8) Iip,>1/720),  slip,<1j72n) and  (np;) 21 5 1/72n).

Hence, from (7.6), (7.7) and (7.8) we conclude that conditions (7.2) and (7.3) are
necessary and sufficient for

nl~VPE — 0.

BL*

Zé‘if(X
i=1

By boundedness, L; convergence is equivalent to convergence in probability for this
sequence, and (as mentioned above), equivalent to convergence in probability of the
sequence {n!~'/?||P, — P|lpL-}2,. By de Acosta (1981, Theorem 3.1) (applied
in the Banach space L) this sequence converges a.s. if and only if it converges in
probability. O

7.2. REMARK. (1) The same proof shows that uniform boundedness of the
quantities in (7.1) and (7.2) is equivalent to stochastic boundedness of the sequence
(7.1). In particular this holds if p; = 1/||P.

(2) If - p;/? < oo then (7.2) and (7.3) hold; they also hold if p; = 1/||PM(|s])
with M 1 oo and is slowly varying; but {p; = 1/|7|P} does not satisfy (7.2) and
(7.3).

(3) Consider

Lip; R = {f: R — R, siplf(x)—f(y)l/lr—y! < 1}.
T#Y

For Lip; R we also have Lip; R € CLT(P,n!/?) if and only if n! =Y/?||P, — P||Lip, r
— 0 in probability, and it is easy to show that this holds if and only if
tPP{|z| > t} — 0 as t — co. The proof is omitted.

(b) Weighted empiricals. Let P be Lebesgue measure on [0, 1] and let w(t), t €
[0, 1], be a U-shaped (weight) function on (0, 1), that is, a nonnegative measurable
function that is nonincreasing on (0,+) and nondecreasing on (v, 1) for some 0 <
v<1/2. Let & = {w(t)j0,): t € (0,1/2)} by symmetry, it is enough to consider
just half the U-shape. Assume moreover v = 1/2. The Cibisov-O’Reilly theorem
states that .# € CLT(P,n!/?) if and only if .# is P-pre-Gaussian, which amounts
to a certain integral condition for w. In particular if w(t) = o((tInln1/t)~*/?) at
zero then, .F € CLT(P,n!/?), but if w(t) = O((tInln1/t)~'/2) then ¥ does not
satisfy the CLT. The question is whether for these steeper welghts convergence can
be achieved if one divides by larger normings, say between n'/? and n. w(t) is
bounded for every t, so for normings B(n) such that B(n)/n'/? — oo as n — oo,
the finite dimensional distributions of {}_7_, e;w(t)Ij0,¢)(U;)/B(n)}, where U; are
i.i.d. uniform random variables, tends to zero in probability. So, as for BL*, if
S € CLT(P, B(n)) the limit is necessarily 0. We will only consider B(n) = n'/?,
p € [1,2). As in the case of BL*, it is possible to obtain results from Proposition
5.7 about what weights w give that the sequence

7.9 sup (I ) —t nl/P
(7.9) Sup, ; (Tio,4) (U, )/
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converges to zero a.s. But Proposition 5.7 does not imply the complete answer,
which is easy to obtain e.g. either by direct computation using order statistics and
the law of iterated logarithm, or invoking a theorem of Pisier (1984) on Vapnik-
Cervonenkis classes. Pisier’s result is as follows: let % be a class of measurable
subsets of (S,.%), let (#,] - ||Tv) be the set of measures on (S,%) of bounded
total variation, with the total variation norm, and let ||Q||g = supceg |Q(C)|, for
Q € . Then the identity map

(7.10) (A |- Nlrv) = (A, llg)
is of type 2 if and only if # is Vapnik-Cervonenkis.

7.3. THEOREM. Let w(t), t € (0,1/2), be a nonnegative nondecreasing func-
tion and let {U;}32, be independent random variables uniformly distributed on [0, 1].
Then, for p € [1,2),

(1) The sequence (7.9) is stochastically bounded if and only if sup,¢ (,1/2] t1/Pw(t)
< 003

(2) The sequence (7.9) converges to zero in probability if and only if

tlin%) t1/Pw(t) = 0.

(3) The sequence (7.9) converges to zero a.s. if and only if

1/2
/ (w(t))? dt < co.
0

PROOF. As usual, we can randomize and consider

(7.11) {Zsz t) 1o, t](U)}

instead of {37, w(t)(Ijo,(Ui) — t)}3; since the necessary tail condition for

w(t)(Ijp,)(U) — t) already implies boundedness of sup,,t 1/24(t). Consider the
processes X;(t) = e;w(t)Ijo,(Us), 0 <t < §, X;(t) =0 for t = 0 and for ¢ € (3, 1],
1 =1,.... X;(t) has all of its trajectories of bounded variation, and the total
variation norm of X;(¢) is 2w(U;). So, these random processes define i.i.d. random
measures v;(w) of bounded variation on [0, 1] that have total variation norm 2w(U;).
The map (7.10) with (S,.) = ([0,1], %) and & = {[0,¢]: ¢t € [0,1]} is of type 2. It
is routine to check then that the type 2 inequality allows for the use of the classical
computations for the CLT in the line, the stable case, about dominating truncated
second moments by tails, to obtain:

sup,o tP P{||X1|ltv > t} < oo = the sequence (7.11) is stochastically bounded
and

t? P{||X1||Tv >t} — 0 = the sequence (7.11) converge to zero in pr.
But t*P{|| X1lltv > t} = tPP{2w(U;,) > t} = tPw1(t/2) where w™l(s) =
sup{t: w(t) > s}. Thus the direct implications in (1) and (2) are proved. For
the converse in (1) and (2), note that, using Lévy’s inequality,

n
P{
=1

=1

Z Xi(t)

=P {m<axw(Ui) > cnl/p} > nw™(en/?) /(1 4+ nw™(cn?/P)).
i<n

> cnl/p} > P {max 1, ()l > en'?
i<n
00
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Finally, (3) follows from (2) by de Acosta (1981, Theorem 3.1).
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